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Abstract. We discuss the construction of real matrix representations of PT- 
symmetric operators. We show the hmitation of a general recipe presented some time 
ago for non-Hermitian Hamiltonians with antiunitary symmetry and propose a way to 
overcome it. Our results agree with earlier ones for a particular case. 

It is well known that some complex-valued non-Hermitian operators exhibit real 
eigenvalues [I] (and references therein). In order to provide a simple and general 
explanation of this fact Bender et al [2] showed that it is possible to obtain a basis 
set so that the matrix representation of such operators is real. The argument is based 
on the existence of an antiunitary symmetry. 

An antiunitary operator satisfies 

[a<p\ Aij) = (01 ij)* (1) 

for arbitrary states |0) and 1-0). It can be written as the product of a unitary operator 
if and the complex conjugation operator K : A = UK. Bender et al. p] considered 
Hamiltonians H with antiunitary symmetry [H, A] = 0, where A satisfies the additional 
condition 

A'"' = i,kodd (2) 
They proved that for an A-adapted basis set {l^^i)} 

A" M = M (3) 
the matrix elements of the operator are real 

{ruAl H Iua) = {mA\ H Iua)* (4) 
Those authors proposed to construct {ua) as 

Iua) = \n) + A^ \n) (5) 

where {\n)} is any orthonormal basis set. 

It is not difficult to prove that this recipe does not apply to any basis set. According 
to equation (|2]) we can find a basis set {\n, a)} that satisfies 

A'' \n,a) = a\n,a) , a = ±1 (6) 
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Consequently, all the vectors 

\n, a)^ = \n, a) + A'' \n, a) = (1 + a) \n, a) (7) 

with a = —1 vanish and the resulting A-adapted vector set is not complete. We conclude 
that the basis set {\n)} should be chosen carefully in order to apply the recipe of Bender 
et al [2]. 

We can construct the basis set a)} from any orthonormal basis set {\n)} in the 
following way 

|n, a) = Nn,.Q^ \n) , ^ = 1 (l + aA'') (8) 

where Nn^a is a suitable normalization factor. It already satisfies equation dH]) because 
A^Qa = o-Qrj. In order to overcome the shortcoming in the recipe of Bender et al |2] 
we define the v4-adapted basis set Ba = { n\j = \n, 1) , n'^J = i \n, —1)}. Note that 
the vectors n^^ satisfy the requirement ([3]) and that is complete. In principle there 
is no guarantee of orthogonality, but such a difficulty does not arise in the examples 
discussed below. 

The vectors \v^) = ^ ?7,J^^ ± '^^)) also satisfy the requirement (|3]) and in the 
particular case of a two-dimensional space they lead to the A-adapted basis set chosen 
by Bender et al [2j to introduce the issue by means of a simple example . 

As another example consider the parity-time antiunitary operator A = PT that is 
a particular case of the equations above with k = 1. Let {|n) , n = 0, 1, . . .} be the basis 
set of eigenvectors of the Harmonic oscillator Hq = p'^ + that are real and satisfy 
P\n) = (— 1)" |n) so that A\n) = (— 1)" It is clear that the recipe proposed by 
Bender et al p] does not apply to this simple case. On the other hand, present recipe 
yields the A-adapted basis set B^^ = {\2n) , i \2n + 1) , n = 0, 1, . . .} which is obviously 
complete. 

Every vector of the orthonormal basis set B^'-' in the coordinate representation 
can be expressed as a linear combination of the elements of the nonorthogonal basis set 
{fn{x) = e~^^^'^{ix)^, n = 0, 1, . . .}. By means of a slight generalization of the latter 
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Znojil [3] derived a recurrence relation with real coefficients for a family of complex 

anharmonic potentials. This author also constructed a real matrix representation of 

a PT-symmetric oscillator in terms of the eigenvectors oi A = PT [4J. Note that his 

vectors \Sn) and are our |n, 1) and |n, —1) respectively. 
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